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' Abstract. Here we prove some special cases of the following conjee- 

ture : that the sum of the Betti numbers of a 1-connected elliptic space 
$H ' is greater than the total rank of its homotopy groups. Our main tool is 

Sullivan's minimal model. 
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1. Introduction 



\ The subject of our research is the following result : 

^ Conjecture H (Topological version). If X is a 1-connected elliptic 

space then dim H*(X, Q) > dim (vr*(X) ® Q). 

■ 

For elliptic spaces X, it seems roughly that dimH*(X,Q) becomes larger 
when dim7r*(X) <S> Q does. That was the key idea for the first author to 
conjecture a lower bound for the cohomolgical dimension of an elliptic space 
in terms of the total rank of its homotopy groups. Let us recall that for any 1- 
connected space X of finite type, i.e., dimH*(X, Q) < oo for all k > 0, there 
exists a commutative differential graded algebra ( XV, d) , called Sullivan 
model of X, which algebraically models the rational homoptopy type of the 
• space, more precisely H*(AV, d) = H*(X, Q) as algebras, and V = 7T*(X)®Q 

| as vector spaces. By XV we mean the free commutative algebra generated by 

the graded vector space V, i.e., XV = TV/(v®w — (— l)MHu; ® v), where 
TV denotes the tensor algebra over V. A n V denotes the set of elements of 
Ay of wordlength n and A- n V : = (B&> n A fc y denotes that of elements 
of Ay of wordlength at least n. The differential d of any element of V is 
a "polynomial" in XV with no linear term, i.e., dV C A- 2 V, we say that 
the model is minimal. A space X and its minimal Sullivan model are called 
elliptic if both V and H*(AV,d) are finite dimensional spaces. Because of 
this contravariant correspondance between spaces and their minimal models, 
the topological version of our conjecture admits the following algebraic 
interpretation : 

Conjecture H (Algebraic version). If AV is a 1-connected elliptic 
Sullivan minimal model then dim H* (AV, d) > dimV. 

We assume that the minimal model is simply connected, i.e., that the 
vector space V has no generators in degrees lower than 2. This assumption 
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is necessary in order to translate our algebraic results into topological ones, 
although it is not necessary for the algebraic results themselves. For more 
details about minimal Sullivan models of spaces we refer the reader to 
[FHT01] . (138-160). 

Our main motivation to believe that the conjecture H holds in the 
elliptic case, is that it is for pure spaces [Hi90j and for H-spaces, symplectic 
manifolds,.... [HM07J. Homogenous spaces are pure. Topological groups are 
H-spaces, and Kahler manifolds are symplectic. 

2. Results and proofs 

Proposition 1. If X is a nilmanifold with (AV,d) as a model, then 
dimH*(AV,d) > dimV. 

Proof. We know from [Dix55] that a nilmanifold X of dimension n has 
h > 2 for 1 < i < n - 1 and hence dimiT*(AV, d) > 2fd(X), where fd{X) 
called the formal dimension of X, denotes the largest integer k such that 
H k (X,Q) / 0. We know also from (lFJT79j -Proposition 2.6) that space of 
"type F" checks the inequality fd(X) > dimV. Nilmanifolds are of "type 
F", since they are K(G, 1) where G is a nilpotent group. □ 

Proposition 2. // an elliptic minimal model (AV, d) has an homogeneous- 
length differential and whose rational Hurewicz homorphism is non-zero in 
some odd degree. Then dim H* ( AV, d) > dimV. 

Proof. We say that AV has differential of homegeneous-length I if d : 
V — ► A l V. We know from [Lu02] that under hypotheses above we have 
dimH*(AV,d) > 2cat (AF) and from |FH82j that dimF even < dimV odd < 
cato(AF). We can then conclude that dimV < 2cat (AF) < dimiP(AV, d). 
□ 

Proposition 3. If an elliptic minimal model (AV, d) has a differential, 
homogenous of length at least 3, then dim ( A V, cf ) > dimV. 

Proof. The cohomology of such spaces admits a second grading H*(AV, d) = 

® H^(AV, d), given by length of representative cocycle. We know from 
fc^i 

([Lu02J-Theorem 2.2) that H£(AV,d) ^ for each k = 0, • • • ,e where 
e = dimF odd + (I - 2)dimy even . Then dimH*(AV,d) >e> dimV, when 
I > 3. 

Proposition 4. // an elliptic minimal model (AV, d) has a differnetial, 
homogenous of length 2 (i.e : coformal) with odd degree generators only, 
i.e., V even = 0, then dim H* (AV, d) > dimV . 

Proof. The proof is similar to that of that Proposition [3] 

Proposition 5. If X is an elliptic space wich has the homotopy type of the 
r-product of elliptic spaces satisfying the conjecture H, then it is also for X . 

Proof. The argument is that : dim H* (YxZ,d) = dim H* (Y,d). dim H * (Z, d) 
and that dim (ir(Y x2)®Q) = dim (ir(Y) ® Q) + dim (ir(Z) <g> Q). □ 
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Proposition 6. If (AV, d) is a formal and hyperelliptic model, then 
dimH*(AV,d) > dimV. 

Proof. The Sullivan model (Ay, d) is called hyperelliptic if dV even = 
and dV odd C A+V even ® AV odd . Set AV even = A{x 1: ...,x n } and V odd = 
A{y u . . . , y n+p } with p = dim V odd -dim V even > (cf. [KHT01J -Proposition 
32.10 (444)). The first author (cf. |Hi90j ) has showed that the conjecture 
H holds for pure spaces, then we assume that (AV, d) is not pure. As it is 
formal, then dim H* (AV, d) > 2 P when H* (AV, d) is given by Q [x\ , . . . , x n ] ® 
A{yi, . . . , y n }/(dy n+ i, . . . , dy n+p ) with dxi = dyi = for 1 < i < n. On the 
other hand it is proved (cf. [HM0_7] -Theorem C) for hyperelliptic models that 
dim H* (AV, d) > dimV when dim H* ( AV, d) > 2 P ~ 1 , this simple remark 
completes the proof. □ 

Proposition 7. If (AV = A(U, W),d) is a two-stage, elliptic minimal model 
with odd degree generators only and suppose that d : W — ► A 2 U is an 
isomorphism, then dim H * ( A V, d) > dimV . 

Proof. A minimal model (AV, d) is said to be two-stage if V decomposes 
V = U © W with dU = and dW C AU, then the Mapping theorem 
( |FHT0lj . page 375) implies that W has generators of odd degree only. On 
the other hand, U may have generators of odd or even degree. We know 
from ( | JL04] -Proposition 2.1), that under hypotheses here above we have 



Open Questions : 

• The author in |Lu02| believes that his Conjecture 3.4 holds at least 
in the coformal case. Has this been settled ? 

• We know from ( | JL04] -Corollary 3.5) that if X has a two-stage model 
with odd degree generators only, then dim H* (X, Q) > 2 dim G * ^ , 
where G*(X) denoted the subgroup of ir*(X) called the Gottlieb 
group. A question is : are there any cases where the equality 
dim (X) = dim (vr* (X) ® Q) holds ? 

• If F — ► E — ► B is a fibration where F and B are elliptic and 
both verify the conjecture H, what conditions on the fibration will 
guarantee that E will too ? 



dimH*(A(U,W),d) > 2 dimW . Set dimC/ = n, then dim TV = 1 ^ ' 

dim V 

n = dimC/ and dim TV > — - — = m. Finally dimiJ*(AV, d) > 2 m > 2m 
dim V. 




> 



□ 
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